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Abstrat
The Ising model at inverse temperature β and zero external eld
an be obtained via the Fortuin-Kasteleyn (FK) random-luster model
with q = 2 and density of open edges p = 1 − e−β by assigning spin
+1 or −1 to eah vertex in suh a way that (1) all the verties in the
same FK luster get the same spin and (2) +1 and −1 have equal
probability.
We generalize the above proedure by assigning spin +1 with prob-
ability r and −1 with probability 1 − r, with r ∈ [0, 1], while keeping
ondition (1). For xed β, this generates a dependent (spin) per-
olation model with parameter r. We show that, on the triangular
lattie and for β < βc, this model has a perolation phase transition at
r = 1/2, orresponding to the Ising model. This sheds some light on
the onjeture that the high temperature Ising model on the triangular
lattie is in the perolation universality lass and that its saling limit
an be desribed in terms of SLE6.
We also prove uniqueness of the innite +1 luster for r > 1/2,
sharpness of the perolation phase transition (by showing exponential
deay of the luster size distribution for r < 1/2), and ontinuity of
the perolation funtion for all r ∈ [0, 1].
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1 Introdution and motivation
If one onsiders the perolation properties of spin lusters, the high temper-
ature (β < βc) Ising model on the triangular lattie T with no external eld
is believed to show ritial behaviour and to be in the universality lass of
Bernoulli (independent) perolation. One way to understand the onjeture
is in terms of the renormalization group: one expets the high temperature
phase of the Ising model to be in the basin of attration of the (stable) in-
nite temperature xed point, whih in the ase of the triangular lattie (but
not of other latties) orresponds to ritial site perolation.
The onjeture an also be ast in the language of the O(n) model. In-
deed, the high temperature phase of the zero eld Ising model on T falls in
the so-alled dense phase of the O(n) model with n = 1, whih is believed to
show ritial behaviour and to be driven, under the ation of the renormal-
ization group, to a stable xed point orresponding, one again, to ritial
perolation. Rephrased in the language of saling limits, the onjeture an
be expressed in terms of onvergene of ertain interfaes to SLE6, and ap-
pears in several plaes (see, e.g., [24, 30, 31, 2℄), often as part of a larger
onjeture about the O(n) model.
Motivated by the above onsiderations, in this paper we show that, for
any xed inverse temperature β < βc, the zero eld Ising model on T orre-
sponds to the ritial point of a dependent perolation model. To do that,
we generalize the FK random-luster representation of the Ising model, ob-
taining a site perolation model with parameter r ∈ [0, 1] whih redues to
the Ising model for r = 1/2. We then show that the new perolation model
has a (sharp) perolation phase transition at r = 1/2.
It will be lear from its denition that in the new perolation model
the states of dierent sites are not independent, but that orrelations deay
exponentially with the distane. As a onsequene, we an now view the
onjeture about the high temperature Ising model on the triangular lattie
as a partiular instane of another general onjeture that has to do with
perolation only, namely that the saling limit of a (two-dimensional) per-
olation model exists and is independent of the partiular model, as long
as the orrelations in the probability measure deay fast enough (see, e.g.,
[12℄). Suh a result has been proved for a few spei models of dependent
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perolation (see [11, 10, 8, 9, 5℄).
It is interesting to notie that the Ising model orresponds to the self-dual
point of the new perolation model. Therefore, our result also shows that for
that model the self-dual and the ritial point oinide, in aordane with
a very natural priniple whih is believed to be valid in great generality, but
whih has been veried only in a handful of ases, inluding bond perolation
on the square lattie [26℄, site perolation (see [27℄) and the Divide and Colour
(DaC) model [2℄ on the triangular lattie, and Voronoi perolation [6℄. The
same priiple should apply to other interesting models, suh as the random-
luster model (where it is known for q = 1, orresponding to perolation,
and q = 2, orresponding to the Ising model  see [16℄), other DaC models
(see [2℄, and in partiular Conjeture 1.7 there) and onfetti perolation
(see Problem 5 in [3℄).
In our analysis we make substantial use of a result by Higuhi, who has
extensively studied the perolation properties of the two-dimensional Ising
model (see [19, 20, 21, 22, 23℄).
2 Main results
We work on the triangular lattie T with vertex set VT and edge set ET, and
denote the unique Ising Gibbs measure on T at inverse temperature β < βc
and zero external eld by µβ.
The random-luster measure νp,q on edge ongurations η ∈ {0, 1}ET (with
the usual σ-eld generated by ylinder events) is haraterized by two pa-
rameters satisfying 0 ≤ p ≤ 1 and q > 0 (see [16℄ for the denition and some
bakground). We all an edge e ∈ ET open if η(e) = 1, and losed otherwise.
The maximal onneted omponents of the graph obtained by removing all
the losed edges from T are alled FK lusters.
For xed q, the random-luster measure has a perolation phase transition
at some 0 < pc(q) < 1, and with probability one all FK lusters are nite
if p < pc(q). When q = 2, one an generate an Ising spin onguration
σ ∈ {+1,−1}VT distributed aording to µβ, β < βc, by drawing an edge
onguration aording to νp,2 with p = 1− e−β and assigning spin +1 or −1
to eah vertex of T in suh a way that (1) all the verties in the same FK
luster get the same spin and (2) +1 and −1 have equal probability. Note
that β < βc implies p = 1− e−β < pc(2), so that the FK lusters are all nite
with probability one.
From now on, unless otherwise stated, we will always assume that q = 2.
We generalize the above proedure by assigning spin +1 with probability
r and −1 with probability 1 − r, with r ∈ [0, 1], while keeping ondition
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(1). For xed β, this generates a dependent (spin) perolation model with
parameter r, whose measure we denote by Pβ,r. Clearly, the spin marginal of
Pβ,1/2 oinides with µβ. Note also that P0,1/2 (equivalently, µ0) is a produt
measure and orresponds to ritial site perolation on T. As soon as β > 0,
however, the spins are orrelated. Nonetheless, the exponential deay of the
FK luster size distribution when β < βc (see [16℄) immediately implies the
exponential deay of orrelations in the measure Pβ,r.
We all a maximal onneted subset V of VT suh that all verties in V
have the same spin a spin luster. If the spins in V are all +1 (respetively,
−1), we all V a (+)-luster (resp., a (−)-luster). Our aim is to study
the perolation properties of spin lusters. We denote by Θ(β, r) the Pβ,r-
probability that a given vertex of the triangular lattie is ontained in an
innite (+)-luster, and dene rc(β) := sup{r : Θ(β, r) = 0}. By the size of
a luster we mean the number of verties in the luster. The main result of
this paper is the following theorem where, due to the +/− symmetry of the
model, we fous without loss of generality on the behaviour of (+)-lusters.
Theorem 2.1. For all β < βc, rc(β) = 1/2. Moreover,
• If r < 1/2, the distribution of the size of the (+)-luster of the origin
has an exponentially deaying tail.
• If r = 1/2, Θ(β, 1/2) = 0 and the mean size of the (+)-luster of the
origin is innite.
• If r > 1/2, there exists a.s. a unique innite (+)-luster.
Note that r = 1/2 is learly the self-dual point of Pβ,r. Thus, Theorem 2.1
implies that the ritial point of the model oinides with its self-dual point.
We remark that one an obtain a polynomial lower bound for the tail distri-
bution of the (+)-luster of the origin at r = 1/2 by using elementary duality
arguments only, see [17℄, p. 15.
Sine the phase transition desribed in Theorem 2.1 is ontinuous, one
may expet ontinuity of the perolation funtion Θ(β, r). Indeed, this an
be proved by standard methods.
Theorem 2.2. For eah β < βc, Θ(β, r) is a ontinuous funtion of r ∈
[0, 1].
It is worth remarking that Pβ,r belongs to a family of measures that an
be obtained via a two step proedure: rst partition the verties of a lattie
into lusters aording to some rule, then assign spin values (or olours) to
the verties with some probability, making sure that all verties in the same
4
luster get the same olour. We all suh measures Divide and Colour (DaC)
models. The rst DaC model was introdued by Häggström [18℄, and its
phase transition is studied in detail in [2℄. DaC models an be onsidered as
natural dependent perolation models. They are relatively simple, yet their
analysis is onsiderably more ompliated than that of Bernoulli perolation
(see, e.g., the present paper and [2℄), and requires new tehniques that may
be useful in studying other dependent models.
A brief outline of the paper is given as follows. In Setion 3, we intro-
due some more denitions and notation, and we ollet results whih are
either known or an be proved by standard methods, inluding a result by
Higuhi [22℄ about the Ising model. We shall use them later, together with
the standard Edwards-Sokal oupling [13℄ and results desribed in Setion 4,
whih ontains some tehnial lemmas and an overview of the main step in
the proof of Theorem 2.1. In Setion 5, we prove Theorems 2.1 and 2.2.
3 Preliminaries
3.1 Notation and denitions
In order to dene a onrete oordinate system in the triangular lattie T,
we embed T in R
2
as in Figure 1, so that its set of verties VT onsists of the
intersetions of the lines y = −√3x + √3k and y =
√
3
2
ℓ for k, ℓ ∈ Z, and
denote the elements of VT by (k, ℓ). We all two verties in VT adjaent if
their Eulidean distane is 1, and dene the edge set ET by ET = {(v, w) : v
and w are adjaent}.
The state spae of our ongurations is denoted by Ω := ΩD×ΩC , where
ΩD = {0, 1}ET is the set of random-luster realisations, and ΩC = {−1,+1}VT
orresponds to the spin ongurations. The probability measure Pβ,r is the
measure (on the usual σ-algebra on Ω) obtained by the proedure desribed
in Setion 2; we denote the expetation with respet to Pβ,r with Eβ,r.
We introdue the set Ω˜ ⊂ Ω as the set of ongurations suh that verties
in the same FK luster have the same spin, and we equip Ω˜ with a partial
order, whih depends on the spins only, as follows. For ω1 = (η1, σ1), ω2 =
(η2, σ2) ∈ Ω˜ we say that ω1 ≥ ω2 if σ1(x) ≥ σ2(x) holds for every x ∈ T. All
the ongurations are impliitly assumed to be in Ω˜. We all an event A ⊂ Ω˜
inreasing if ω ∈ A and ω′ ≥ ω implies ω′ ∈ A. A is a dereasing event if Ac
is inreasing.
We all a sequene (x0, x1, . . . , xn) of verties in T a (self-avoiding) path
if for all i = 0, . . . , n− 1, xi and xi+1 are adjaent, and for any 0 ≤ i < j ≤
n, xi 6= xj . A horizontal rossing of a parallelogram R = [a, b] × [c, d], with
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Figure 1: Portion of the triangular lattie T. The heavy segments are the
sides of the parallelogram S2,3 = [0, 2]× [0, 3].
a, b, c, d ∈ Z, is a path x0, x1, . . . , xn suh that x0 ∈ {a}×[c, d], xn ∈ {b}×[c, d]
and for all i, xi ∈ R. A vertial rossing of the same parallelogram is a path
x0, x1, . . . , xn suh that x0 ∈ [a, b]×{d}, xn ∈ [a, b]×{c} and for all i, xi ∈ R.
In a onguration (η, σ) ∈ Ω˜, a (+)-path is a path x0, x1, . . . , xn suh
that for all i = 0, . . . , n, σ(xi) = +1. Horizontal (+)-rossings and vertial
(+)-rossings are dened analogously. The denitions of (−)-path, horizontal
(−)-rossing, vertial (−)-rossing are obtained by replaing +1 with −1.
Let Sn,m denote the parallelogram [0, n]× [0, m], with n,m ∈ N. Denote
by V +n,m the event that there is a vertial (+)-rossing in Sn,m; let H
+
n,m be
the orresponding event with a horizontal (+)-rossing. The analogous events
with (−)-rossings are denoted by V −n,m and H−n,m, respetively.
Let d denote the graph distane on T. We dene the distane between
two sets V and W by d(V,W ) = {min(d(v, w)) : v ∈ V, w ∈ W}. Let B(v, n)
denote the dis of radius n with enter at vertex v in the metri d, i.e.,
B(v, n) = {w : d(v, w) ≤ n}. For a vertex set A ⊂ VT, we denote by ∂A
the vertex boundary of A, that is, we dene ∂A = {v ∈ A : ∃w ∈ VT \ A
suh that d(v, w) = 1}. For a vertex v ∈ VT, let CFKv be the FK luster
of v, i.e., the set of verties that an be reahed from v through edges that
are open in the underlying random-luster measure with parameters p and
q = 2. Let us dene the dependene range of a vertex v by D(v) := max{n ∈
N : CFKv ∩ ∂B(v, n) 6= ∅}.
We all an edge set E = {e1, e2, . . . , ek} a barrier if removing e1, e2, . . . , ek
(but not their end-verties) separates the graph T into two or more disjoint
onneted subgraphs, of whih exatly one is innite. (Note that a barrier as
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dened above orresponds to dual iruits in bond perolation. Its denition
is motivated by Lemma 3.2.) We all the innite subgraph the exterior of E,
and denote it by ext(E). We all the union of the nite subgraphs the interior
of E, and denote it by int(E). With an abuse of notation, we shall write
int(E) and ext(E) also for the vertex sets of int(E) and ext(E) whenever
it does not ause onfusion. E = {e1, e2, . . . , ek} is a losed barrier in a
onguration (η, σ) ∈ Ω˜ if E is a barrier and η(ei) = 0 holds for i = 0, . . . , k.
For a vertex set A ⊂ VT, let ∆A denote the edge boundary of A, that is,
∆A = {(x, y) ∈ ET : x ∈ A, y ∈ VT \ A}. Note that for β < βc, the edge
boundary of any FK luster is a.s. a losed barrier.
3.2 Preliminary results
To make the paper self-ontained, we ollet here the tools needed to prove
Theorems 2.1 and 2.2. The rst theorem in this subsetion follows from
results in [1℄, and is stated expliitly e.g. in [16℄.
Theorem 3.1. If p < pc(2), there exists ψ(p) > 0 suh that for all n, we
have
νp,2(D(0) ≥ n) ≤ e−nψ(p).
Another property of the random-luster measures is that for e ∈ ET the
onditional measure νp,q(· | Y (e) = 0) an be interpreted as a random-luster
measure with the same parameters p and q on the graph obtained from T by
deleting e (see [16℄). This property implies the following observation, whih
we state as a lemma for ease of referene.
Lemma 3.2. If B = {e1, . . . , ek} is a barrier, C(B) = ∩ki=1{η(ei) = 0}, E1
and E2 are events whih depend only on states of edges and spins of verties
in int(B)∪B and ext(B) respetively, then onditioned on C(B), E1 and E2
are independent.
In the proof of Theorem 2.1, we will use a version of Russo's formula for
dereasing events, hene we state the theorem in a slightly unusual form. The
proof, as skethed in [2℄, is standard. Let A be an event, and let ω = (η, σ)
be a onguration in Ω˜. Let C be an FK luster in η. We all C pivotal
for the pair (A, ω) if IA(ω) 6= IA(ω′) where IA is the indiator funtion of A,
ω′ = (η, σ′), and σ′ agrees with σ everywhere exept that the spins of the
verties in C are dierent.
Theorem 3.3. Let W be a set of verties with |W | < ∞, and let A be a
dereasing event that depends only on the spins of verties in W . Then we
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have that
d
dr
Pβ,r(A) = −Eβ,r(n(A)),
where n(A) is the number of FK lusters whih are pivotal for A.
The following result, like Lemma 2.10 in [2℄, is a nite size riterion for
perolation.
Lemma 3.4. There exists a onstant ε > 0 with the following property. If
β, p = 1− e−β and N ∈ N satisfy
(N + 1)(3N + 1)νp,2(D(0) ≥ N
3
) ≤ ε
and
Pβ,r(V
+
N,3N) > 1− ε,
then Θ(β, r) > 0.
As in [2℄, this theorem an be proved by a oupling argument with a 1-
dependent bond perolation model. Theorem 3.1 and Lemma 3.4 imply the
following result.
Theorem 3.5. For all β < βc, if lim sup
n→∞
Pβ,r(V
+
n,3n) = 1 for some r, then
Θ(β, r) > 0.
3.3 Cut points
We shall use (a slightly modied version of) a result of Higuhi from [22℄
(see also Proposition 4.2 in [23℄) about the Ising model. In order to state the
theorem, we need a few denitions. For positive integer values of k, let Rn,kn
be the olletion of all horizontal rossings in Sn,kn. For R ∈ Rn,4n, we denote
the region in Sn,6n (note the dierent side length) under R by L(R), the region
in Sn,6n above R by A(R), the parallelogram [⌊n1/4⌋, n− ⌊n1/4⌋]× [0, 6n] by
S ′n,6n, and the parallelogram [2⌊n1/4⌋, n−2⌊n1/4⌋]× [0, 6n] by S ′′n,6n. (For a ∈
R, we denote by ⌊a⌋ the greatest integer smaller than or equal to a.) Also, let
D(R) denote the vertex set {v ∈ VT \ (A(R)∩S ′n,6n) : d(v, L(R)∪R) ≤ n1/4}
(see Figure 2). We all a vertex x ∈ R a ut point of R in Sn,6n if there exists
a (+)-path in A(R) ∩ S ′′n,6n from [0, n]× {6n} to a neighbouring vertex of x
(we use Higuhi's language although our denition is slightly dierent). For
a xed R ∈ Rn,4n, we denote by c(R) the maximal number of ut points in
the middle part of R far enough from eah other, that is, the ardinality of
a maximal subset M(R) ⊂ R∩S ′′n,6n for whih the following properties hold:
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Figure 2: Bottom part of the parallelogram Sn,6n. The lines inside Sn,6n
parallel to the sides of Sn,6n represent the sides of the parallelograms S
′
n,6n
and S ′′n,6n. The partly thin, partly thik line from the left side of Sn,6n to
the right side represents a horizontal rossing R ∈ Rn,4n. The thik line
represents the boundary of D(R).
• every v ∈M(R) is a ut point of R in Sn,6n,
• for all v1, v2 ∈M(R), d(v1, v2) ≥
√
n.
We shall next ompute a lower bound for (a onditional expetation of) c(R)
by using the aforementioned result by Higuhi.
Proposition 5.1 in [22℄ onerning the Ising model on the square lattie
essentially states that if both (+)-rossings and dual (−)-rossings in the long
diretion of 4n × n retangles have probability bounded away from 0, then
for an arbitrary xed horizontal rossing R in the lowest quarter of an n by
n square S, irrespetive of what the spins of verties in and below R are, the
expeted number of verties v in R with a (+)-path from a neighbour of v
to the top of S is arbitrarily large for all n large enough. A areful reading
of the proof of this proposition shows that the same method works on the
triangular lattie T. Moreover, we an take the parallelogram Sn,6n instead
of a square, onsider a horizontal rossing R ∈ Rn,4n, ondition on the spins
of verties in D(R) instead of L(R) ∪ R, require that the (+)-path from a
neighbour of v ∈ R to the top of Sn,6n be in A(R) ∩ S ′′n,6n, and the expeted
number of speial verties (whih are here ut points of R in Sn,6n) still goes
to innity as n → ∞. In fat, using Higuhi's notation in [22℄, we see that
sine all the ut points onsidered in the proof are found inside annuli A
′′′
j
whih are at distane at least
5
2
· 4j from one another (where only integers
j satisfying
√
n ≤ 2 · 4j are onsidered  see (5.21) in [23℄), all ut points
onsidered are automatially at distane at least
5
4
· √n from one another.
Therefore, if Eβ denotes the expeted value w.r.t. µβ, and FV denotes the
σ-algebra generated by {σ(x) : x ∈ V }, we have the following result.
Proposition 3.6. Let β < βc and assume that there exists δ > 0 suh that
min{µβ(H+3n,n), µβ(H−3n,n)} ≥ δ (1)
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for every n ≥ 1. Then we have
lim
n→∞
inf
R∈Rn,4n
inf
E∈FD(R)
Eβ (c(R) | E) =∞.
Due to the self-mathing property of T and the +/− symmetry of the
model, for any n ∈ N, we have
µβ(H
+
n,n) = 1/2. (2)
It follows from this observation and the RSW-type results in [19℄ (whih apply
to T as well as to the square lattie) that ondition (1) in Proposition 3.6 is
satised with a proper hoie of δ. Furthermore, sine r = 1/2 orresponds
to the Ising model, for all β < βc, we have
lim
n→∞
inf
R∈Rn,4n
inf
E∈FD(R)
Eβ,1/2(c(R) | E) =∞. (3)
4 Domination lemmas
4.1 Strategy of the proof of Theorem 2.1
In order to motivate the tehnial results in this setion, we give an informal
(and somewhat impreise) overview of the main step in the proof of Theorem
2.1, namely the proof that rc(β) ≤ 1/2. The struture of our proof of this
fat is based on Russo's formulation [29℄ of Kesten's elebrated proof [26℄
of the analogous statement for bond perolation on the square lattie. The
proof proeeds by ontradition, assuming that rc(β) > 1/2 and showing
that this implies the existene of some ε > 0 suh that, ∀r ∈ [1/2, 1/2 + ε],
the number of FK lusters whih are pivotal for the event orresponding to
the presene of a (−)-rossing in a suiently large parallelogram SN,6N is
very large (in expetation). By Russo's formula, the expeted number of
pivotal FK lusters equals the derivative of the probability of the rossing
event. This leads to a ontradition sine the probability of any event has
to remain between 0 and 1, and so its derivative annot be too large on an
interval.
We show in Setion 5 that if we take β < βc and assume rc(β) > 1/2,
then the probability of a horizontal (−)-rossing in the lower half SN,3N
of the parallelogram SN,6N is bounded away from 0, uniformly for every
r ∈ [1/2, rc(β)). We take r0 in that range and onsider the lowest suh
rossing R and the union UR of FK lusters of verties in and below R,
whih is surrounded by a losed barrier B. Sine β < βc, the FK lusters
tend to be small. Therefore, with high probability, every edge of B is at
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most at distane N1/4 from the set of verties in and below R. Assuming that
this is the ase, the vertex boundary of int(B) ontains exatly one horizontal
rossing of SN,4N , whih we all ΓB. Sine the verties in ΓB ∩ S ′′N,6N (i.e.,
the middle part of ΓB) are in FK lusters of verties in the lowest horizontal
(−)-rossing R, if v ∈ ΓB ∩ S ′′N,6N is a ut point of ΓB in SN,6N , then CFKv is
pivotal for H−N,6N . Therefore, from this point on, our goal is to nd a large
number of ut points of ΓB in SN,6N in ΓB ∩ S ′′N,6N .
In Setion 3.3, we used Higuhi's results and the Edwards-Sokal oupling
to obtain equation (3), whih informally states that for β < βc and r = 1/2,
for any horizontal rossing of a suiently large parallelogram, regardless of
the values of the spins of verties in and below the rossing, the expeted
number of ut points of the rossing is arbitrarily large. We would like to
use this result to onlude that there are many ut points of ΓB in SN,6N in
ΓB ∩ S ′′N,6N . We ouple the r = r0 and the r = 1/2 ase by taking the same
random-luster onguration in ext(B) (whih is allowed sine B is a losed
barrier), and assigning spins to the FK lusters as follows. We take i.i.d.
random variables (V (CFKv ) : v ∈ ext(B)) with uniform distribution on the
interval [0, 1], and assign spin +1 to v if V (CFKv ) is smaller than r0 or 1/2,
respetively. Then, every vertex whih is a ut point in the r = 1/2 ase is a
ut point in the r = r0 (> 1/2) ase as well, sine being a ut point requires
the presene of (+)-paths only, and every vertex in ext(B) whose spin is +1
at 1/2 has a +1 spin also at r0.
We now would like to use (3), but we annot do that immediately beause
at this point of the proof we have information on the FK lusters of verties in
and below R, and not only on spin values, as required by (3). To irumvent
this problem, we will use the presene of the losed barrier B to show that
having information on the FK lusters of verties in and below R does not
reate problems. This is intuitively not surprising, but proving suh a result
requires a onsiderable amount of work, to whih the rest of the present
setion is dediated.
The proof of Theorem 2.1 an be nished from here as follows. First of
all, it follows from Lemma 3.2 that turning the spin of every vertex in int(B)
to −1 does not hange the expeted number of ut points in ΓB ∩ S ′′N,6N .
Then, Corollary 4.4 implies that this expeted number is bounded below by
the expeted number without onditioning on B being losed. For the latter
expeted number, we an use (3) to onlude that the expeted number of ut
points in ΓB∩S ′′N,6N beomes arbitrarily large as the size of the parallelogram
inreases, leading to the desired ontradition, as disussed earlier.
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4.2 A barrier around −1 spins
Our goal in this setion is to prove Corollary 4.4. We do this through three
lemmas, using ideas from [2℄ and [25℄. We need a property of the random-
luster measure νp,q on T from [15℄ (see also [16℄), namely that for all q ≥ 1,
the so-alled FKG lattie ondition holds for νp,q. We use the following
version of it: for any E ⊂ ET, e ∈ ET \ E, and ψ, ζ ∈ {0, 1}E with ζ ≥ ψ
(oordinate-wise), we have
νp,q(η(e) = 1 | η ≡ ζ on E) ≥ νp,q(η(e) = 1 | η ≡ ψ on E). (4)
This property will play an important role in the following proofs. We state the
following lemmas for the measure Pβ,r but in fat all statements in this setion
hold for all DaC measures obtained by replaing νp,2 in the onstrution of
Pβ,r by νp,q with q ≥ 1.
Inequality (4) informally states that the more edges in a ertain set E are
open, the more likely it is that other edges are open as well. The next lemma
states that further onditioning on the left hand side on the event I that
the verties of a ertain set V all have the same spin κ leaves the inequality
unhanged.
Let V = {v1, v2, . . . , vk} ⊂ VT be a set of verties, κ ∈ {−1,+1} a spin
value, E = {e1, e2, . . . eℓ} ⊂ ET a set of edges, s1, s2, . . . , sℓ ∈ {0, 1} and
g1, g2, . . . , gℓ ∈ {0, 1} states, with gi ≥ si for all i. Consider the events
I =
⋂k
i=1{σ(vi) = κ}, As =
⋂ℓ
j=1{η(ej) = sj}, Ag =
⋂ℓ
j=1{η(ej) = gj} (the
ase E = ∅, As = Ag = Ω˜ is also allowed).
Lemma 4.1. For all e ∈ ET \ E, we have
Pβ,r(η(e) = 1 | Ag, I) ≥ Pβ,r(η(e) = 1 | As). (5)
Proof: Sine
Pβ,r(η(e) = 1 | Ag, I) = Pβ,r(η(e) = 1, Ag, I)
Pβ,r(Ag, I)
=
Pβ,r(I | η(e) = 1, Ag)
Pβ,r(I | Ag) · Pβ,r(η(e) = 1 | Ag),
and Pβ,r(η(e) = 1 | Ag) ≥ Pβ,r(η(e) = 1 | As) by (4), we have that (5) follows
from
Pβ,r(I | η(e) = 1, Ag) ≥ Pβ,r(I | Ag). (6)
Sine
Pβ,r(I | Ag) = Pβ,r(I | η(e) = 1, Ag)Pβ,r(η(e) = 1 | Ag)
+ Pβ,r(I | η(e) = 0, Ag)Pβ,r(η(e) = 0 | Ag),
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we see that (6) is equivalent to
Pβ,r(I | η(e) = 1, Ag) ≥ Pβ,r(I | η(e) = 0, Ag). (7)
In order to show (7), we will rst onstrut two oupled bond ongu-
rations, ψ0 and ψ1, suh that ψ0 has distribution νp,2(· | η(e) = 0, Ag), ψ1
has distribution νp,2(· | η(e) = 1, Ag) (both with p = 1 − e−β), and ψ0 ≤ ψ1.
Suh a oupling an be obtained by setting ψ0(ei) = ψ1(ei) = gi, ψ0(e) = 0,
ψ1(e) = 1, then determining the states of the remaining edges one edge at a
time in some deterministi order, using (4) at eah step (for a preise way of
doing this, see e.g. the proof of Lemma 2 in [25℄).
We ould easily nish the proof from here by ompleting the oupling to
obtain ongurations (ψ0, σ0) and (ψ1, σ1) with distributions Pβ,r(· | η(e) =
0, Ag) and Pβ,r(· | η(e) = 1, Ag) respetively, in suh a way that if I ours
in σ0, it ours in σ1 as well. Alternatively, we may notie that given a bond
onguration ψ, dening n(ψ) as the number of FK lusters in ψ whih on-
tain verties of V , the probability of I is simply cn(ψ), where c = r if κ = +1
and c = 1−r if κ = −1. Sine n(ψ0) ≥ n(ψ1) and 0 ≤ c ≤ 1, this observation
onludes proof of (7) and thereby the proof of Lemma 4.1. ✷
Now take E = {e1, e2, . . . , eℓ}, s1, s2, . . . , sℓ, As as before, and let F =
{f1, f2, . . . , fm} ⊂ ET be a set of edges suh that F ∩ E = ∅, and dene the
event C(F ) =
⋂m
i=1{η(fi) = 0}. Then, as an easy onsequene of (4), we
have that for all q ≥ 1, e ∈ ET \ (E ∪ F ),
νp,q(η(e) = 1 | As) ≥ νp,q(η(e) = 1 | As, C(F )).
The next lemma follows from this observation and Lemma 4.1.
Lemma 4.2. For all e ∈ ET \ (E ∪ F ), we have
Pβ,r(η(e) = 1 | Ag, I) ≥ Pβ,r(η(e) = 1 | As, C(F )).
Note that this statement is still an intuitively lear onsequene of (4),
sine the additional onditioning on I (i.e. that ertain verties all have spin
κ) on the left hand side of (4) should intuitively inrease the probability
that other edges are open, whereas the additional onditioning on C(F ) (i.e.
having even more edges losed) on the other side should intuitively derease
this probability.
We are now ready to state the main result in this setion, whih immedi-
ately implies the desired Corollary 4.4.
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Lemma 4.3. Let V = {v1, v2, . . . , vk} ⊂ VT be a onneted set of verties,
and take its edge boundary B = ∆V = {f1, f2, . . . , fm} ⊂ ET (whih is a
barrier). Consider the events I =
⋂k
i=1{σ(vi) = −1}, C(B) =
⋂m
j=1{η(fj) =
0}, and let D be an inreasing event. Then we have
Pβ,r(D | C(B)) ≥ Pβ,r(D | I). (8)
Proof. We prove (8) by onstruting two oupled realisations (ψC(B), σC(B))
and (ψI , σI) with distributions Pβ,r(· | C(B)) and Pβ,r(· | I) respetively, in
suh a way that if D ours in σI , it ours in σC(B) as well.
First, we onstrut the bond ongurations ψC(B) and ψI one edge at a
time, using Lemma 4.2 at eah step, as follows. Fix a deterministi order of
edges in ET starting with edges inident on v1, v2, . . . , vk. Take a olletion
(U(e) : e ∈ ET) of i.i.d. random variables having uniform distribution on the
interval [0, 1]. We start with a situation where ψC(B)(e) and ψI(e) are unde-
termined for every edge, and determine the states of edges by the following
iteration. We take the rst edge in the deterministi order, and denote it by
e1. We delare ψC(B)(e1) = 1 if and only if U(e1) ≤ Pβ,r(η(e1) = 1 | C(B)),
and ψI(e1) = 1 if and only if U(e1) ≤ Pβ,r(η(e1) = 1 | I). Note that by
Lemma 4.2, ψC(B)(e1) ≤ ψI(e1).
Let us now assume that the states of e1, e2, . . . , ej are determined and
ψC(B)(ei) ≤ ψI(ei) for i = 1, 2, . . . , j. The next edge ej+1 is the next undeter-
mined edge in our deterministi order that shares a vertex with an edge whih
is open in ψI . If no suh edge exists, we simply take the next undetermined
edge.
Having hosen ej+1, we determine its state by dening ψC(B)(ej+1) = 1 if
and only if U(ej+1) ≤ Pβ,r(η(ej+1) = 1 | C(B),∩ji=1{η(ei) = ψC(B)(ei)}) (oth-
erwise we assign ψC(B)(ej+1) = 0), and ψI(ej+1) = 1 if and only if U(ej+1) ≤
Pβ,r(η(ej+1) = 1 | I,∩ji=1{η(ei) = ψI(ei)}) (otherwise ψI(ej+1) = 0). By the
hypothesis ψC(B)(ei) ≤ ψI(ei) for i = 1, 2, . . . , j and Lemma 4.2, we have
that ψC(B)(ej+1) ≤ ψI(ej+1).
In this way, we obtain bond ongurations ψC(B) with distribution Pβ,r(· |
C(B)) and ψI with distribution Pβ,r(· | I) suh that ψC(B) ≤ ψI . Let us x
j∗ to be the index of the last edge hosen by the iteration whih is onneted
by a ψI-open edge path to any of the verties v1, v2, . . . , vk. The rst part
of the iteration (i.e. before ej∗+1 is hosen) explores the FK lusters in ψI
of the verties v1, v2, . . . , vk, and when it ends, V is surrounded by a barrier
B2 (whih onsists of edges from e1, e2, . . . , ej∗) whih is losed in ψI . Sine
ψI ≥ ψC(B), B2 is losed in ψC(B) as well. Using Lemma 3.2, we obtain
Pβ,r(η(ej∗+1) = 1 | C(B),∩j∗i=1{η(ei) = ψC(B)(ei)})
= Pβ,r(η(ej∗+1) = 1 | I,∩j∗i=1{η(ei) = ψI(ei)}),
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whih implies ψC(B)(ej∗+1) = ψI(ej∗+1). Using the same argument, it is
easy to prove by indution that the remaining part of the iteration yields
ψC(B) = ψI in ext(B2).
We now dene the spin onguration σI by assigning +1 with probability
r, −1 with probability 1− r independently to the ψI FK lusters in ext(B2)
(aording to some deterministi order), and assigning σI(v) = −1 to eah
v ∈ int(B2). This gives the orret distribution sine every vertex in int(B2)
is in the same FK luster as one of the verties v1, v2, . . . , vk. We nish the
oupling by dening σC(B) in the following way. We assign +1 with proba-
bility r, −1 with probability 1− r independently to the ψC(B) FK lusters in
int(B2) (aording to some deterministi order), and dene σC(B)(v) = σI(v)
for all v ∈ ext(B2) (sine ψC(B) = ψI in ext(B2), we get the right distribu-
tion). Let us assume that D ours in σI . It is important to notie that all
verties that have spin +1 in σI are in ext(B2), where σC(B) = σI , so they
have spin +1 also in σC(B). Sine D is an inreasing event, this observation
shows that D ours in σC(B) as well. This onludes the proof of Lemma
4.3. ✷
Corollary 4.4. If V = {v1, v2, . . . , vk} ⊂ VT is a onneted set of verties,
B = ∆V = {f1, f2, . . . , fm} ⊂ ET is its edge boundary, and we onsider the
events I =
⋂k
i=1{σ(vi) = −1}, C(B) =
⋂m
j=1{Y (fj) = 0}, and an inreasing
event D ∈ Fext(B), then we have
Pβ,r(D | C(B), I) ≥ Pβ,r(D | I). (9)
Proof. Sine B is a barrier, I ∈ Fint(B), and D ∈ Fext(B), we have by Lemma
3.2 that Pβ,r(D | C(B), I) = Pβ,r(D | C(B)). Therefore, Lemma 4.3 gives
the statement. ✷
5 Proofs of Theorems 2.12.2
In order to prove rc(β) = 1/2 in Theorem 2.1, we only need to show rc(β) ≤
1/2, sine rc(β) ≥ 1/2 is implied by Proposition 1.8 in [2℄. By Theorem
3.5, it sues to prove that lim supn→∞ Pr(V
+
n,3n) = 1 when r = 1/2 + ε for
all ε > 0. We shall prove that the assumption of the ontrary implies the
presene of too many pivotal FK lusters for a ertain event, leading to a
ontradition. (For a more detailed summary of the proof, see Setion 4.1.)
Theorem 5.1. For any β < βc and ε > 0, we have that
lim sup
n→∞
Pβ,1/2+ε(V
+
n,3n) = 1
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Proof: Let us assume that there exist β < βc, ε > 0 suh that
lim sup
n→∞
Pβ,1/2+ε(V
+
n,3n) < 1, (10)
and x suh a β and ε. We shall derive a ontradition from (10). Due to
the self-mathing property of T, (10) implies that there exists γ > 0 suh
that for all n large enough,
Pβ,1/2+ε(H
−
n,3n) > γ. (11)
By (11), monotoniity, (3), and elementary properties of the exponential
funtion, it is possible to hoose an integer N large enough so that for n ≥ N ,
the following inequalities hold:
Pβ,r(H
−
n,3n) > γ ∀r ∈ [1/2, 1/2 + ε], (12)
inf
R∈Rn,4n
inf
E∈FD(R)
Eβ,1/2(c(R) | E) > 2
εγ
, (13)
(n+ 1)(6n+ 1)e−n
1/4ψ(p) <
γ
2
, (14)
where ψ(p) is the same as in Theorem 3.1. Fix suh an N and an arbitrary
r0 ∈ [1/2, 1/2 + ε]. We shall show that, denoting the number of FK lusters
whih are pivotal for H−N,6N by n(H
−
N,6N), we have
Eβ,r0(n(H
−
N,6N)) >
1
ε
. (15)
For R ∈ RN,3N , we dene
B(R) = {B ⊂ ET : B is a barrier; ∂(L(R) ∪ R) ⊂ int(B);
∀e ∈ B , d(e, ∂(L(R) ∪ R)) ≤ N1/4;
∂int(B) ontains exatly one
horizontal rossing of SN,4N}.
(The motivation for this denition is that sine β < βc, FK lusters are
small, hene with high probability, the tightest losed barrier surrounding
L(R) ∪ R is ontained in B(R).) For B ∈ B(R), we denote the horizontal
rossing of SN,4N ontained in ∂int(B) by ΓB. We also dene l(R) to be the
event that R is the lowest horizontal (−)-rossing in SN,6N . For R ∈ RN,3N ,
B ∈ B(R), we denote the union of FK lusters ⋃v∈L(R)∪R CFKv by UR, the
event
⋂
v∈L(R)∪R{D(v) ≤ N1/4} by t(R), and onsider the event
Q(R,B) = {l(R)} ∩ {B = ∆UR} ∩ {t(R)}.
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Then we obtain
Eβ,r0(n(H
−
N,6N)) ≥
∑
R∈RN,3N
∑
B∈B(R)
Eβ,r0(n(H
−
N,6N) | Q(R,B))Pβ,r0(Q(R,B))
≥
∑
R∈RN,3N
∑
B∈B(R)
Eβ,r0(c(ΓB) | Q(R,B))Pβ,r0(Q(R,B)), (16)
where the seond inequality follows from a pointwise omparison: onditioned
on Q(R,B), we have n(H−N,6N) ≥ c(ΓB), due to the following reasons. Using
the notation from the denition of c(ΓB) (see Setion 3.3), onditioned on
Q(R,B), the FK luster of every vertex v in M(ΓB) is pivotal for H
−
N,6N
sine v is a ut point of ΓB in SN,6N , and R is the lowest horizontal (−)-
rossing in SN,6N . It is important to note that every v ∈ M(ΓB) is indeed
in the FK luster of a vertex in R (i.e., of a vertex in the lowest horizontal
(−)-rossing), not of a vertex in L(R) (there is no other possibility due to
{B = ∆UR}). This is the ase sine M(ΓB) ⊂ ΓB ∩ S ′′N,6N  sine none
of the verties below R has a dependene range larger than N1/4, none of
the FK lusters of the verties in L(R) is large enough to go around R
and reah the middle part S ′′N,6N of the parallelogram SN,6N . The last step
neessary for proving the onditional pointwise omparison is to notie that
for v1, v2 ∈M(ΓB), v1 6= v2, we have CFKv1 6= CFKv2 sine d(v1, v2) ≥
√
N and,
onditioned on Q(R,B), none of the verties in L(R) ∪ R has a dependene
range greater than N1/4. Therefore, dierent verties in M(ΓB) belong to
dierent pivotal FK lusters.
The next step is to give a lower bound for the expetation via a ompari-
son with the ase with parameter r = 1/2. We shall rst work with probabil-
ities, then we will sum them up to get bak the expetation. Let us denote
(N +1)(6N +1) (i.e. the number of verties in SN,6N ) by K. For a barrier B,
we dene the events C(B) =
⋂
e∈B{η(e) = 0} and W (B) =
⋂
v∈int(B){σ(v) =
−1}. Sine for every R ∈ RN,3N , B ∈ B(R), i = 1, . . . , K, we have
{c(ΓB) ≥ i} ∈ FA(ΓB)∩S′′N,6N ⊂ Fext(B), {l(R) = R} ∈ FL(R)∪R ⊂ Fint(B),
W (B) ∈ Fint(B), and the event {B = ∆UR}∩{t(R)} depends on the state of
edges in int(B) ∪ B only, it follows from a repeated use of Lemma 3.2 that
for all R,B, and i, we have
Pβ,r0(c(ΓB) ≥ i | Q(R,B)) = Pβ,r0(c(ΓB) ≥ i | C(B))
= Pβ,r0(c(ΓB) ≥ i | C(B),W (B)). (17)
Coupling the measures with r = r0 and r = 1/2 by taking the same bond
ongurations in ext(B) (see Setion 4.1), we see that
Pβ,r0(c(ΓB) ≥ i | C(B),W (B)) ≥ Pβ,1/2(c(ΓB) ≥ i | C(B),W (B)). (18)
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Sine for all i, {c(ΓB) ≥ i} ∈ Fext(B) is an inreasing event, we an use
Corollary 4.4 to onlude that
Pβ,1/2(c(ΓB) ≥ i | C(B),W (B)) ≥ Pβ,1/2(c(ΓB) ≥ i |W (B)). (19)
Summing up for i = 1, . . . , K, using (17),(18),(19) and then (13), we obtain
that for every R ∈ RN,3N , B ∈ B(R), a.s.,
Eβ,r0(c(ΓB) | Q(R,B)) =
K∑
i=1
Pβ,r0(c(ΓB) ≥ i | Q(R,B))
≥
K∑
i=1
Pβ,1/2(c(ΓB) ≥ i |W (B))
= Eβ,1/2(c(ΓB) |W (B))
>
2
εγ
. (20)
Finally we need to note that for a rossing R ∈ RN,3N , if t(R) ours,
then ∆UR ∈ B(R). Therefore,
∑
R∈RN,3N
∑
B∈B(R)
Pβ,r0(Q(R,B)) =
∑
R∈RN,3N
Pβ,r0(l(R) ∩ t(R))
≥ Pβ,r0(H−N,3N)− Pβ,r0(
⋃
v∈Rn,6n
D(v) > N1/4)
≥ γ − (N + 1)(6N + 1)νp,2(D(0) > N1/4)
≥ γ − (N + 1)(6N + 1)e−N1/4ψ(p)
≥ γ/2,
where we used the translation invariane of νp,2, (12), Theorem 3.1, and (14).
Using (16), (20), and this omputation, we obtain that
Eβ,r0(n(H
−
N,6N)) >
∑
R∈RN,3N
∑
B∈B(R)
2
εγ
Pβ,r0(Q(R,B))
≥ 2
εγ
· γ
2
=
1
ε
,
as desired.
Sine (15) an be proved for all r ∈ [1/2, 1/2+ ε] with the same method,
we obtain by Theorem 3.3 that
sup
r∈[1/2,1/2+ε]
d
dr
Pβ,r(H
−
N,3N) < −
1
ε
,
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whih leads to a ontradition sine it yields
Pβ,1/2+ε
(
H−N,3N
) ≤ Pβ,1/2
(
H−N,3N
)
+ ε sup
r∈[1/2,1/2+ε]
d
dr
Pβ,r(H
−
N,3N)
< Pβ,1/2
(
H−N,3N
)− 1.
✷
Sketh of the Proof of Theorems 2.1 and 2.2. As remarked at the
beginning of this setion, for all β < βc, rc(β) ≥ 1/2 follows from Proposition
1.8 of [2℄, and rc(β) ≤ 1/2 from Theorem 5.1 and Theorem 3.5. Hene,
rc(β) = 1/2. The exponential tail of the distribution of the size of the (+)-
luster of the origin for r < 1/2 an be proved similarly to Theorem 2 in
[6℄. The statement onerning the ritial ase r = 1/2 has been proved in
Proposition 1.8 of [2℄. For β < βc, the ergodiity of Pβ,r (whih follows from
the ergodiity of νp,2) guarantees the presene of an innite (+)-luster when
r > 1/2. The uniqueness of the innite (+)-luster follows from a result in
[7℄, whih implies that if a probability measure µ on {−1,+1}VT is translation
invariant and satises the nite energy ondition [28℄, then µ-a.s. there exists
at most one innite luster of +1's. If β < ∞ and 0 < r < 1, then the spin
marginal of Pβ,r learly satises both properties.
Theorem 2.2 about the ontinuity of Θ(β, r) in r for β < βc follows from
Θ(β, 1/2) = 0 and the uniqueness of the innite (+)-luster by standard
methods (see [4℄), in the same way as the analogous result in [2℄. ✷
Remark 5.2. In all the proofs in this paper, the FKG inequality and RSW-
type arguments are used for Pβ,r only at the ritial point r = 1/2, never away
from it. This way of proving lassial perolation results an be useful in the
ase of models, like the present one, where the (onjetured) ritial point
has speial properties and is better understood ompared to other values of
the parameter.
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